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Executive Summary
Title in proposal: Bayesian Spatial Analysis.

Description in proposal: Technical report on the Bayesian
approach for spatial analysis.

Summary of deliverable

This deliverable describes the framework for inference adopted
within the project. It is intended more as a review / position
paper. The introduction provides the context for the spatial
analysis within INTAMAP and then specifically within WP2.
In particular the key tasks and issues are raised. Sections 2, 3
and 4 then discuss the variants of Bayesian kriging and show
how each one generalises further the application. In Section
5 we discuss the most general Bayesian framework and briefly



introduce the concept of approximate variational Bayesian in-
ference. This most general framework permits the incorporation
of arbitrary likelihood models, thus allowing us to cope with a
wide range of sensor models including those typically found in
remote sensing based observations.

This document is a precursor to the more detailed reports on
the application of these different methods described in Sections
2 though to 5 to the specific problems INTAMAP will address,
such as change of support, non-Gaussian noise models, arbitrary
sensor models, issues of robustness, network bias and speed is-
sues. This is not intended to provide a comprehensive overview
of all of these methods; this comes in later deliverables.

The document concludes with a concise summary of the fu-
ture plans for extending the Bayesian framework within the
INTAMAP project.

Legal Notices

The information in this document is subject to change without
notice. The Members of the INTAMAP Consortium make no
warranty of any kind with regard to this document, including,
but not limited to, the implied warranties of merchantability and
fitness for a particular purpose. The Members of the INTAMAP
Consortium shall not be held liable for errors contained herein
or direct, indirect, special, incidental or consequential damages
i connection with the furnishing, performance, or use of this
material.
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1 Introduction

The main objective of the INTAMAP project
(http://www.intamap.org/) is to develop an interoperable frame-
work for real time automatic mapping of critical environmental
variables by extending spatial statistical methods and employ-
ing open, web-based, data exchange and visualisation tools.
This framework will be based on observations from different
monitoring networks and instruments, different spatial and tem-
poral resolution of observations, and different ways of handling
the data before uploading them to a database.

The main goal of the WP2 is to develop and implement new
and existing methods of spatial analysis for the generation of
outputs that contain (probabilistic) spatial information. These
methods will have to be able to handle the natural variabil-
ity of the data being monitored as well as extreme values that
occur rarely, but will require robust treatment. For example
we must address natural radioactivity fluctuations, as well as
the possibility of an accidental release of radioactivity. Since
we will often be working as part of a processing chain, we also
need to consider the case that the observations are corrupted
during the observation or transmission process. In this intro-
ductory section we describe the specific objectives of the WP2,
we give a brief description of the work involved towards the
accomplishment of these objectives, and then we discuss the
particular objectives of the Task 2.1, which are addressed by
this Deliverable.

1.1 WP2 Objectives

The objectives of this WP are: (1) the development of new
methodology for the estimation of spatial continuity parame-
ters from the data and for the continuous updating of the es-



timates as new data become available; (2) the computational
implementation of existing and new methods for the estimation
and updating of the spatial continuity model. Computer code
for automated parameter estimation will be produced and will
be reported on.

1.2 Short Description of Work in WP2

A critical component of estimation in spatial statistics is the
characterisation of the underlying process that generated the
data. The work in WP2 will be carried out within the Bayesian
framework. This mathematical framework is suitable for a real
time mapping system, because it allows building spatial mod-
els based on pre-existing, or prior, knowledge, while also in-
corporate other specific information (updating) as it becomes
available. We plan to extend current approaches to provide a
more robust approach to identifying hyper-parameters (that is
high level parameters in our models, such as process, noise and
length scales in the covariance functions). Different approaches
will be investigated. It is also planned to develop a Covariance
Tensor Identity (CTI) approach for the systematic detection of
range anisotropy (i.e., of different correlation lengths in differ-
ent directions). The CTI can then provide initial estimates of
the anisotropy parameters for further processing in the Bayesian
framework.

1.3 Short Description of Work Task 2.1

The aim of this task is the development of an integrated Bayesian
framework for the analysis of spatial continuity. More specifi-
cally, this task will focus on the development of Bayesian inter-
polation methods that account for the uncertainty with respect
to the trend function and the covariance function. This uncer-



tainty is due to the arbitrary decomposition of a random field
into a global (trend) term and a local random fluctuation term.
Focusing on a parametric class of covariance functions (e.g., the
Matérn class) the parameters include nugget, sill, range and
the smoothness component, determining how often the random
field is mean square differentiable. In the case of geometric
anisotropy, a linear transformation of the coordinate space has
to be estimated (Tasks 2.2-2.5). The possibility of a nested
structure of covariance functions, each with its own anisotropy,
will also be considered.

A further source of uncertainty related to the covariance struc-
ture is due to different available estimation and fitting meth-
ods for covariance and variogram functions. For estimation,
the empirical variogram estimator and its robust counterpart
will be considered. For fitting, least squares, weighted least
squares or generalized least squares, maximum likelihood and
restricted maximum likelihood will be included. Nonparamet-
ric variogram estimators, based on the spectral representation
of the covariance function, will also be included. In both the
parametric and the nonparametric cases, Bayesian approaches
to modelling and implementing uncertainty measures in the
form of posterior distributions for the variogram ’parameters’
will be developed. These distributions can then be used for
spatial prediction via predictive distributions. Moderate devi-
ations of observations from normality will be handled through
a Box-Cox- transformation family. For a more general, semi-
parametric treatment of the problem we will develop variational
Bayesian approximations to the full Bayesian treatment which
will permit fast, approximate inference using arbitrary observa-
tion types, with general observation error characteristics.

In the following sections, we describe in detail the mathematical
framework for the Bayesian spatial analysis.



2 Bayesian Kriging
2.1 Spatial Linear Model, Universal Kriging

Consider a random field defined over some
region following the spatial linear model

(1)

where is a known
vector of regression functions, a vector of un-
known regression parameters and a random field with ex-

pectation zero and existing covariance

for all . Then the goal of universal Kriging is to find
an unbiased linear predictor I |
of the random function at some unmeasured location

, given observations " | , such that the
mean squared error of prediction

MSEP (2)

becomes a minimum. The solution, which is called the Universal
Kriging (UK) predictor, is given by

% ug ) U+ % (3)
where og + Y "+ "+ )" " s the generalised least
squares estimator of ) @ is the covari-
ance matrix of the observations, + Y denotes



the design matrix and . Be-
cause of the unbiasedness condition, i.e.

the UK-predictor also minimizes the variance

Var (4)

Ordinary Kriging represents the special case of a constant trend,
i.e. and

2.2 The Bayesian analogue

Omre (1987) was the first to consider a Bayesian extension to
universal Kriging. He assumed a prior probability distribution

for the regression parameter . Since he also restricts
attention to linear predictors, it is sufficient to have prior knowl-
edge of the first and second order moments of | i.e.

arft! $

where means some qualified prior guess of and $ stands for
the covariance matrix of

Although, like in any Bayesian approach, the unknown param-
eter is assumed to follow some prior distribution, this does
not mean that is actually considered to be a random param-
eter: We simply assume to have sufficient prior knowledge on
the model context which allows us to summarize this knowledge
through and $, these parameters are called hyperparameters
in our Bayesian setting. Methods for the specification of and
$ have been discussed e.g. in Pilz (1991). It is quite obvious
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that this relatively simple Bayesian setting already generalizes
the universal Kriging model when allowing , the ma-
trix of zeroes, in the sense that the minimum eigenvalue of
tends to infinity or, equivalently, the maximum eigenvalue of

tends to zero. In the other extreme case where ,
we arrive at the Simple Kriging model, where we have perfect
knowledge of  such that with probability one. Thus
we have a whole continuum of models ranging between the two
extreme models of Simple Kriging and Universal Krig-
ing , respectively. Now, considering the augmented
(observation) vector we have the following
Bayes linear model:

()

Cov (6)

Cov (7)

Using the well-known laws of iterated expectations and covari-
ance,

Cov Cov Cov

where and Cov denote expectation and covariance w.r.t.
, we arrive at the following expression for the total (marginal)
expectation and covariance matrix of , respectively,

11



Cov

Since in the marginal model (8) the trend parameter vector
is completely known, the prediction of the marginal random
variable can be accomplished by simple Kriging to yield

9)
The simple Kriging predictor is known to minimize the total
(marginal) mean squared error of prediction

Lot
$ TMSEP

This is but the Bayes risk of the predictor with respect to
squared error loss in the (Bayes) linear model (8). We have thus

derived the Bayesian analogue o to the universal Kriging
predictor, which coincides with the simple Kriging predictor in
the Bayesian model (5)—(7) i.e. og . Making use

of a well-known matrix inversion formula see e.g. Pilz (1991, A.
33), we obtain

and may then rewrite (9) as follows

12



(10)

where

This the Bayes Kriging predictor originally introduced by Omre
(1987). It has the same structure as the universal Kriging pre-
dictor (3), except that the generalized least squares estimator
for is replaced by the Bayes linear regression estimator
The total mean squared error of prediction TMSEP

is equal to the Bayes Kriging variance, since is (marginally)
unbiased, i.e. . This variance is given
by
TMSEP
(11)

It is immediately seen that the Bayes Kriging predictor coin-
cides with the universal Kriging predictor in the limiting case

, corresponding to no prior knowledge about . In the
other extreme case where we see from (9) that the Bayes
Kriging predictor reduces to

the well-known simple Kriging predictor obtained when the
trend is completely known. This, in turn
is clear from the fact that implies that with
probability one.
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3 Full Bayesian approach: Gaussian ob-
servations with known covariance

Up to now, we have only made second order assumptions about
the random field , i.e. we have modelled the ex-
pectation and covariance structure through (1) and (2), but no
further distributional assumptions have been made. Likewise,
we have only specified second order moments of | but not a
full prior distribution for . As long as we restrict ourselves to
linear predictors , these second
order assumptions are sufficient to derive the Bayes Kriging pre-
dictor, since the computation of the total mean square error of
prediction only involves the second order moments. In general,
when aiming at the Bayes optimal predictor among all possi-
ble (including nonlinear) predictors, then we need to specify the
(multivariate) distribution of the data  and the complete prior
distribution of

It is then well-known from (Bayesian) statistical decision theory
that the optimal predictor in the sense of minimizing the Bayes
risk, which coincides with the TMSEP, is given by the mean
of the predictive distribution of given data . The
probability density of this distribution is given by

(12)

where the integral is taken over all possible regression parame-
ters , and is the so-called posterior density
of the regression parameter vector given the data. This density
can be obtained from Bayes’s theorem

(13)
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where stands for the likelihood function of the data.
Now, with the assumption of Gaussian observations,

, and with a normal prior for , it is
easy to verify that the posterior distribution of  is normal,

Observing that , We can
infer from (12) that the predictive distribution is also normal
such that

(14)

This means, however, that the Bayes Kriging predictor (10) co-
incides with the mean of the predictive distribution of

and is thus Bayes optimal not only in the class of linear pre-
dictors but is the overall Bayes optimal predictor and cannot
be improved by other (linear and nonlinear) predictors. This
strong optimality property but only holds under the (unreal-
istic) assumption that the covariance function is com-
pletely known and does not contain estimated parameters.

It is also important to point out that the Bayes Kriging variance
does not depend on the data . This is the starting point for
Bayesian monitoring network design: we can choose an optimal
network in such a way that the Bayes Kriging variance (11)
becomes a minimum.

4 Full Bayesian approach: Gaussian ob-
servations with unknown covariance struc-
ture

Now, let us assume that our observations may still be considered
as realizations of an underlying Gaussian random field, but we

15



do not know the covariance function . In this case we
need a flexible and rich class of plausible covariance functions
from which we may choose an appropriate candidate in the light
of our data. We propose to choose the Matern class, which,
in addition to the usual triple (nugget, sill, range), involves a
smoothness parameter directly related to the differentiability
(in the mean square sense) of the random field (see e.g. Stein
(1999)). Thus, we will use the following four-parameter class of
covariance functions

(15)
where ! « #!1 stands for the distance vector between two
locations !4 $% , denotes the nugget effect, the par-
tial sill, is the Dirac-Delta-functio®& and

for'( ) , is the range parameter and the smoothness
parameter, is the modified Bessel function of order . This
covariance function includes the exponential covariance function
+ and the Whittle covariance function &  as special
cases, letting , - it approaches the Gaussian covariance

function as an extreme case.

For our Gaussian random field we then have the likelihood func-
tion of the parameters . and (trend and covariance parameter
vector, resp.) given by

30/ % B 5
& G ? S (16)
where 4 denotes the overall variance, 4 Var@

for all $% , and

I # c m
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is the covariance matrix of the observations resulting from the

Matern covariance function. The dependence on the unknown

covariance parameters we make clear by writing
and instead of and  as before.

Bayesian Kriging as considered before is not fully Bayesian,
since it makes only a-priori distributional assumptions on the
trend parameter. The first to take also account of the un-
certainty with respect to the covariance parameters, within a
Bayesian setup, were Kitanidis (1986) and Handcock and Stein
(1993).

The crucial problem in a Bayesian setup is, of course, the choice
of an appropriate prior for the trend and covariance pa-
rameters. Systematic studies on the effects of choosing different
priors are still lacking. Almost all authors start with a non-
informative prior for  (assuming an improper prior

const leading to proper posteriors, however), an improper prior
for the nugget and sill (variance) parameters and additionally
assume that and are independent, a priori,
ie.

(17)
Integration with respect to this prior, has the effect that the

normal distribution (13) changes into a Student distribution:

o
O#w%

where , is the universal Kriging predictor depending on
and

)

17



and  now specify the correlation matrix and the correla-
tion vector, respectively. For details and other approaches to
prior specifications we refer to Pilz and Spoeck (2007).

5 Full Bayesian approach: arbitrary ob-
servation models

We can further generalise the analysis, to permit arbitrary ob-
servation types, with arbitrary error characteristics to be used
in the Bayesian framework. It is most natural to somewhat
generalise the above discussion to a more abstract case where
the Gaussian process model is latent (i.e. not directly observed)
process (Diggle and Ribeiro, 2007) as opposed to the directly ob-
served cases described above. The main benefit of the move to a
latent process representation is that it enables us to incorporate
arbitrary observation types into the spatial Gaussian process
model. The downside is that we will thus have a non-Gaussian
posterior process, and inference in this non-Gaussian framework
will require more powerful, but thus potentially more time con-
suming, inference methods. Currently the main methods avail-
able for inference in such models are Markov Chain Monte Carlo
(MCMC) methods (Diggle and Ribeiro, 2007), which are com-
putationally very intensive, and thus not appropriate to solving
large problems in near real time. In the INTAMAP project we
will develop the Bayesian methodology further, exploiting ideas
first developed in Cornford et al. (2004, 2005) where varia-
tional approximate inference methods were developed for latent
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Gaussian process models. The essence of a variational inference
method is to replace a very complex problem (inference of the
posterior distribution) by a more tractable, often optimisation,
problem. In variational Bayesian approaches the intractable,
potentially non-Gaussian, posterior distribution is replaced by a
Gaussian process, and the relative entropy between the approxi-
mating Gaussian process and the true (non-Gaussian) posterior
is minimised. Details can be found in Cornford et al. (2005).

5.1 Overview of the methodology

It is not the intention to repeat the full analysis here; this will
be provided later in the project in deliverables D2.3, D3.3 and
D4.4 due in the coming year. Here we present only the frame-
work. We start with a very simple Bayesian model, with a slight
change of notation from the preceding sections. Geostatistics
typically seeks to interpolate the state of a given system, de-
noted , where indexes the spatial (and potentially tem-
poral) position of the quantities of interest. In general it is
assumed that can be directly observed, with noise. In a
Bayesian setting a Gaussian process prior is placed over the

, with a variety of different algorithms arising from the
family of kriging algorithms as different assumptions are made
about the mean and covariance functions of , as described
in Sections 3 and 4.

We now generalise this by defining the likelihood model accord-
ing to the observation characteristics. This is very much related
to data assimilation or data fusion methods (Cornford et al.,
2005) where it is assumed the state, , is often not directly
observed, rather it is inferred from indirect observations,

Typically, is observed through a measurement function

19



linking the state to its corresponding observation:
(18)

where is the measurement function, or observation opera-
tor and is the corresponding additive error. This more gen-
eral formulation of the Bayesian inference problem, where one
seeks now the posterior distribution of the latent state,
conditional on all the observations means that the methods we
develop within INTAMAP will be able to address arbitrary ob-
servation types, so long as the relation between the state and
the observables is known. We plan to use SensorML to repre-
sent the observation operator and are developing a novel
general variational Bayesian inference framework for doing this.
Producing such a method will be critical to being able to de-
velop a solution that is able to process a range of observations
with varying characteristics, for example from direct point sen-
sors (e.g. weather stations), and from indirect remote sensors,
e.g. from satellite remote sensing. One of the key advantages
of the approach we are developing is that not only can we use
a range of sensor types, we can also integrate (or fuse) these
to provide consistent estimates of a given phenomenon using a
diverse range of sensor types.

It is also important to note that the form of the observation er-
ror, , is also taken into account. Many quantities that are ob-
served, particularly energies from remote sensing instruments,
will have quite non-Gaussian error characteristics, for example,
because the observed value cannot be negative. One option is
to transform the observations such that their error characteris-
tics are approximately Gaussian using, for example, a Box-Cox
transform (see deliverable D3.1 for details on this approach).
We propose an alternative approach which is rather more gen-
eral, in that we use the actual error distribution of the instru-
ment, and make the approximation that although this is po-

20



tentially non-Gaussian, the effect on the joint distribution over
the latent state will be reasonably well captured by a Gaussian
approximation.

5.2 Developments within INTAMAP

The current state of the art in Bayesian geostatistics requires
further developments to be applicable to the general interpola-
tion problem tackled in INTAMAP. We also need to improve
the speed to provide near real-time response to observations
at unsampled locations. We have already made considerable
progress on this using the variational Bayesian approaches de-
veloping at Aston, the Spartan field framework developing at
the Technical University of Crete and the empirical Bayesian
approaches under development at Kalgenfurt (see D3.1). How-
ever a great deal remains to be done. We are concentrating on
extending methods to cope with arbitrary observation types,
different spatial supports, non-Gaussian random fields, and ap-
plying these methods to a Bayesian treatment of the network
bias removal problem (D4.2). Results of these will be reported
in more detail in future deliverables.

6 Summary

This report has introduced the Bayesian framework being em-
ployed and developed in the INTAMARP project. It is provides
an introduction to the various methods and approaches that are
being developed and integrated within the INTAMAP project.
In the main INTAMAP partners will employ Bayesian methods
to allow maximum flexibility in terms of observation charac-
teristics, error characteristics and modelling assumptions. To
address inference in this more complex framework various ap-
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proximation methods will be employed, and extended. A signif-
icant challenge will be to integrate this range of methods into
a consistent framework for spatial interpolation, indeed more
broadly inference. We expect a very exciting second year, in-
tegrating these methods and working together to produce a ro-
bust, extensible interpolation methodology which can underpin
the automated, interoperable interpolation (web) service we will
provide to end users.
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